Self-excited wind forces on a bridge deck can be nonlinear even when the vibration amplitude of the body is small. This phenomenon is evaluated in this paper. Experiments detecting the nonlinearity are performed first, with the concept of "relative amplitude", i.e. the amplitude of the externally triggered free vibration relative to the envelope of the ambient response of an elastically supported rigid sectional model. Two types of sectional model, a twin-deck bluff model (model A) and a partially streamlined box girder model (model B) are tested with two extreme cases of relative amplitude. Based on the flutter derivatives of model B, a flutter boundary prediction is subsequently carried out on a cable-supported bridge to manifest the changes of critical flutter wind velocity due to different relative amplitudes. The effect of relative amplitude on flutter derivatives and on the flutter boundary reveals, from the structural point of view, a complex relationship between the self-excited forces and the "structural vibration noise" due to ambient wind forces. Although the aeroelastic forces are linear when the body motion due to an external trigger is not affected significantly by ambient wind forces, they are nonlinear when the noise component in the vibration cannot be neglected.
Introduction
In the formulation of self-excited wind forces on cable-supported bridge decks, a linearized flutter derivative model is often used [1] . The amplitude dependency of the flutter derivatives has been indicated by previous researches [2] [3] . From their points of view, nonlinearity does not exist for the small amplitude case. As a matter of fact, however, the self-excited wind forces due to a pulse response of the deck can be nonlinear even if the response amplitude is small.
Historical study [1] showed that the flutter derivative presentation of the interactive forces holds strictly for sinusoidal oscillation or exponentially modified sinusoidal motion of decay rates less than 20%. Therefore, for a flexible bridge in the wind, the flutter analysis predicts the critical wind speed for a smooth sustained sinusoidal motion of the deck, which indicates the bridge is going to lose its stability due to negative damping.
A "smooth" sinusoidal motion is rarely the real case when there are disturbances in the aerodynamic forces. An initially small amplitude sinusoidal motion can only be considered as a "noisy" sinusoidal one. It needs to be answered in the first place whether or not the noisy sinusoidal motion will grow in the "environmental noise" and become larger in amplitude making itself smoother (the ambient vibration then becomes relatively unimportant) before a flutter prediction is applied.
It is necessary, in this case, to investigate how the interactive force changes due to the effect of the "noise" in the structural motion. The changes in the interactive forces will be indicated by a change in the flutter derivatives.
The Relative Amplitude Effect
We shall limit our discussions to an elastically supported rigid sectional bridge model subjected to a pulse input to trigger the model to vibrate. The interactive forces under investigation are the self-excited wind loads generated by the pulse response of the rigid body.
In all the cases discussed below, the absolute values of vibration amplitude are small.
The relative amplitude is then defined as the triggered vibration amplitude of the model relative to "structural noise" in the vibration due to the ambient wind excitation. To quantify it, we define the relative amplitude as
in the simulation of Figure 1 , where 0 A is the mechanically triggered vibration amplitude and Δ is a characteristic measurement representing the ambient vibration magnitude. Relative amplitude is thus defined in onedimensional. There is no problem to apply it to a multi-dimensional case.
This study is to manifest that the relative amplitude may affect flutter derivatives and the flutter boundary. This effect reveals, from the structural point of view, a relationship between the self-excited forces and the "structural vibration noise" due to fluctuating ambient wind
, the triggered vibration is totally smooth. If 0 → a R , the triggered vibration is severely affected by the ambient dynamic wind load. The ambient response exists for either smooth or turbulent flow due to the fact that small fluctuations in the oncoming wind are inevitable and the signature turbulence is an inherent part of bluff body dynamics.
The ambient response forms the environment for the impulse response to exist. It could be different stories if the pulse response of the sectional model is strong and affects the surrounding flow, or the pulse response is small with all the ambient properties of the aeroelastic system unchanged.
The difference will be illustrated by the various flutter derivatives identified with different relative amplitudes. It is a classical result in stochastic identification that the output covariance can be used as the discrete version of pulse response function, i.e. Markov parameters, of a deterministic linear time invariant system, when the measurement noise in the equipment and process noise (dynamic ambient wind excitations) is white (wide-banded in the practical sense) and zero mean. A proof is presented in the Appendix I.
Using Output Covariance as Markov Parameters
We assume, in the experiments, the displacement measurement is zero mean. If the deck has a static displacement due to the static wind load, it can be treated as a centered process, i.e.
[ ]
where [ ]
Therefore, we always assume we are dealing with a zero mean process.
The input term, buffeting forces on the bridge deck model, is random and unknown and assumed to be wide banded noise because a real world process will not be white noise. The approximation is a widely adopted one in the application of system identification techniques as long as the noise frequency band is considerably larger than the system frequencies band.
The errors so generated should be tolerable. A typical turbulence power spectral density is shown in Figure 2 at wind speed of 17.5m/s. It can be observed that the turbulence is wide banded therefore meet the requirement for the application of the output covariance method.
One consideration is that within the time period of measurement of the ambient vibration, the system is actually non-stationary due to uncontrollable experimental conditions. Therefore, in calculating the output covariance, some numerical consideration has been taken to overcome the problem.
The structure function was introduced by Kolmogorov [6] in his study of locally isotropic and homogeneous stochastic turbulence. It is defined as:
is the auto-covariance function of the measurement after time
For ambient vibration, the covariance function for zero lag time is constant, and the structure function is the sum of the negative covariance function and a constant. If the measurement shows slow fluctuation or has a time varying trend, i.e. shows marked derivation from a stationary behavior, the method of structure function may be advantageous because the structure function can tolerate more low frequency noise than the correlation function [7] . Figure 3 shows a typical calculated output covariance
is the number of lags) from the ambient response by structure function. It can be observed that the signal is quite smooth and suitable to be used in system identification.
Experiments and Results
Two sectional models (Figure 4, 5) were tested. The experimental environment was kept the same for the same model in either ambient and transient vibration testing. The setup is shown in Figure 6 . The model was restrained in the lateral direction to allow two-dimensional tests.
Eight vertical springs were hung from two frames to hold the sectional model in position.
These springs were pre-tensioned to avoid nonlinearity. The stiffness of the springs was chosen to make the model vibrate in a suitable frequency, so that a suitable range of reduced wind speeds can be covered by the experiment. The separations between the springs could be adjusted according to the required rotational frequency. Laser displacement sensors were used to measure the displacement history of the model, with one below the front edge and the other below the rear edge to record the vertical and rotational displacement. A single hot-wire anemometer was mounted in front of the sectional model at mid-span location to record the wind speed. The typical turbulence intensity of the oncoming wind is less than 2%, e.g. 1.7%
at wind speed of 17.5m/s. Therefore, the wind is considered smooth. The following discussion will be limited to smooth flow case. For turbulent flow cases, more researches are needed.
The experimental procedure for the tests is as follows:
1) One of the bridge deck models, model A or model B, was installed.
2) Lateral DOF was constrained with thin wire for 2DOF experiment. Measurement of the system properties was made with free decaying vibration of the model by giving it an initial displacement when there was no wind.
3) Five-minute ambient response records of the model under the action of wind were recorded.
4) Three to five free decay tests were conducted under the same condition as in step
3) except for the initial conditions. 5) Wind speed was increased. Experiments in steps 3 and 4 were repeated. The wind velocities varied from minimum to maximum wind speed at a reasonable interval.
6) After the wind speed reached the upper limit, the other model replaced the first one. Experiments from 2) to 5) were repeated.
Flutter derivatives were then identified from the transient vibration and the output covariance of the ambient vibration. The identification method used was ERA (eigensystem realization algorithm) [8] . A identified from ambient case is poor; the dotted line in Figure 8b is used as the fitting curve for it.
The features of some of the flutter derivatives are very different for different relative amplitudes, suggesting nonlinearity in the self-excited wind load. In the flutter derivatives for the twin deck bluff model (model A), differences are observed in A is also sensitive to the relative amplitude.
Flutter Analysis Considering Relative Amplitude Effect
Differences between the flutter derivatives identified from transient and ambient vibration testing suggest further study is needed to investigate the effect of relative amplitude on the flutter boundary of a full bridge. Figure 9 gives the three-dimensional view and finite element mesh of a bridge with partially streamlined box girder cross-section (section model B). Table 1 have the facility to accommodate the initial strain value. The tower was analyzed using beam elements with tension, compression, torsion and bending capabilities. The modal analysis was conducted by using commercial software, ANSYS. Table 2 summarizes the modal analysis results.
The frequency domain method developed by Jain et al [9] is used to perform the flutter instability analysis, which requires solving an aeroelastically-influenced eigen-problem. The flutter condition is obtained at the reduced frequency satisfying equation
The general term of the impedance matrix 
indicates the relative participation of each structural mode under the flutter condition. 
Summary
In this study, nonlinearity in self-excited wind forces is detected through the concept of relative amplitude. By comparing the flutter derivatives identified from triggered free decay and output covariance of ambient vibration of elastically supported rigid sectional bridge models, the relative amplitude effect on the interactive wind forces is manifested. This effect, from the structural point of view, reveals a complex relationship between the self-excited forces and the "structural vibration noise" due to ambient wind excitations. Although the aeroelastic forces are linear when the body motion due to an external trigger is not affected significantly by the turbulence, they are nonlinear when the noise component in the vibration due to the turbulence is not negligible. The experiments were conducted in smooth flow; more experiments are needed to have a discussion on the relative amplitude effect under turbulent condition. Conclusions apply to the specific sectional type tested in the study.
Flutter derivatives of the partially streamlined box girder section identified from transient and ambient vibration testing were used to manifest the relative amplitude effect on flutter boundary. The flutter derivatives from ambient vibration were found aeroelastically stable, while the flutter derivatives from transient vibration were not. Therefore, as far as this section type is concerned, the relative amplitude effect appears to have a stabilizing consequence. (Overschee and Moor [10] )
Appendix I Output Covariance
When the measurement noise v in the equipment and process noise p (ambient wind forces)
is white and zero mean, then
. B and D are input and feed through matrix of a state space model respectively.
The Lyapunov equation for the state covariance matrix is
and A is the state matrix.
If output covariance is defined as
This produces a new state-space model of ) (Jain et al [9] ) Tables   Table 1 Material Properties of the Bridge   Table 2 Dynamic Properties of the Bridge 
Appendix II Coefficients of the Impedance Matrix Elements
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